
Limiting Cases and Approximate Solutions for 
Fixed-Bed Reactors with Periodic Flow Reversal 

Ulrich Nieken, Grigorios Kolios, and Gerhart Eigenberger 
Institut fur Chemische Verfahrenstechnik, University of Stuttgart, D-70199 Stuttgart, Germany 

Fixed-bed reactors with periodic flow reversal are used to cany out reactions with low 
exothermicity in an autothermal way. Contraiy to conuentional autothermal reactors, 
the preheating of the feed gas is accomplished by regenerative heat exchange between 
the gas and fuced bed. The feedback of heat and direct coupling of heat exchange and 
chemical reaction give rise to an unusual reactor behavior. This behauior can be under- 
stood through consideration of the limiting cases of ueiy long and uery short cycle 
periods. Both cases can be calculated easily with the methods presented. Especially for 
the case of rapid flow reuersal, simple equations can be deriued that allow for a good 
physical understanding of the process and for a preliminary reactor design. In this case, 
it is also possible to compute the unstable solution, which is a lower bound of the 
temperature profile necessary for reactor startup. 

Introduction 
Autothermal operation of fixed-bed reactors is applied for 

weakly to moderately exothermic reactions where the hot ef- 
fluent is used to heat up the cold feed to the required igni- 
tion temperature of the reaction. Traditionally, heat ex- 
change and chemical reaction are carried out in two different 
pieces of equipment: a countercurrent recuperative heat ex- 
changer and an adiabatic packed-bed reactor. Recently, a new 
method of autothermal operation with periodic flow reversal 
has gained considerable interest. This method was developed 
and propagated by Boreskov and Matros and their group in 
Novosibirsk (Boreskov et al. 1979, 1982; Boreskov and Ma- 
tros, 1983; Matros, 1986, 1989). In the former USSR, it is 
applied industrially for equilibrium-limited reactions (SO,-, 
methanol-, ammonia-synthesis) as well as for gas purification 
(Matros et al., 1988, 1993). In western countries an increasing 
number of companies are using the same principle for the 
purification of air contaminated with low amounts of com- 
bustible gas or vapor (Eigenberger and Nieken, 1991). 

As in standard autothermal operation, it is the objective to 
operate the reactor in the ignited steady state and to use the 
heat of the effluent to heat up the feed. Unlike in standard 
autothermal operation, the heat recovery is done by regener- 
ation instead of recuperative heat exchange by using both 
ends of the fixed bed as regenerative heat exchangers. Figure 
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1 shows the basic mode of operation. After the fixed bed has 
been heated up to reaction temperature in a separate first 
step, the cold gas enters the packed bed from one side, is 
heated up to ignition temperature by the hot packing, and 
the reaction proceeds to the respective equilibrium conver- 
sion. Since the fixed bed in turn is cooled by the feed, the 
temperature front slowly moves in flow direction. After a cer- 
tain portion of the fixed bed has been cooled down, the flow 
direction is reversed and a new front moves into the fixed 
bed from the opposite side, while the old front is pushed 
back. It usually takes a large number of flow reversals until 
the steady state of the periodic operation is established. In 
this steady state the two temperature fronts move back and 
forth in a completely symmetrical way (Figure lb). Assuming 
adiabatic operation, the total heat generated is released with 
the exit gas, leading to a sawtoothlike exit temperature pro- 
file in time (Figure 1c). 

In the case of total combustion reactions, the same mode 
of operation can be used both with catalytic packed beds and 
with inert packings. In the latter case the combustion takes 
place as a homogeneous gas-phase reaction, while the pack- 
ing serves as a heat storage device. 

Currently, the cyclic steady state of a fixed-bed reactor can 
only be obtained through dynamic simulation. This requires 
very time-consuming computations. It is the main objective of 
this article to present simplified models that can be used to 
calculate fast and accurate approximations of the steady-state 
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Figure 1. Reverse flow reactor. 
( a )  Reactor scheme; (b) temperature and concentration pro- 
files in the oscillating steady state just before flow reversal; 
( c )  outlet temperature vs. time. 

profiles. Additionally, these simplified models can help to gain 
a good understanding of the process and of thc influence of 
all rclevant process parameters. The approximate solutions 
will be compared to those of a conventional two-phase or a 
quasi-homogeneous model of the fixed-bed reactor under pe- 
riodic operation. A detailed experimental investigation has 
hcen publishcd elsewhere (Niekcn et al., 1994). 

The approximatc solutions are based on the two limiting 
cases of the periodic operation. For very large switching peri- 
ods the temperature profile approaches that of the stationary 
traveling reaction front. For very short switching periods the 
behavior of thc reactor is similar to that of a countercurrent 
reactor. 

The stationary traveling reaction front has been studied in- 
tensively by several authors during the last two decades. Af- 
ter the first detailed discussion by Wicke and Vortmeyer 
(1959), many investigations were published, mainly on the ap- 
proximation of the maximum front temperature. Gilles (1974) 
used a quasi-homogeneous model and approximated the re- 
active heat-release curve by a Gaussian distribution. The pa- 
rameters of the curve were adapted to  the solution of the 
detailed model. Epple (1976) used the same model and a col- 
location technique for the determination of the parameters. 
This reduces the problem to the solution of a small system of 
nonlinear equations; however, the numerical solution re- 
quires a good initial guess. Pinjala et al. (1988) derived an 
equation for the approximation of the maximum temperature 
of the traveling wave, which is based on an approximation 
given by Kiselev and Matros (1980). We will use their ap- 
proach in combination with the equivalence relation of Vort- 
meyer and Schafer (1974) to derive a simple procedure for 
the calculation of the traveling reaction front. 

An approximation to the temperature profile for short 
switching periods has first been presented by Matros (1989). 
The equations describing the so-called "sliding regime" are 
derived from the quasi-homogeneous model of the reactor 
with periodic flow reversal, and result in a stationary bound- 
ary value problem in space. Churnakova and Matros (1991) 
have published a study on the stability of the solutions of this 
model; however, the method used to calculate the solution is 
not given. 
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Figure 2. Maximum temperature vs. the number of flow 
reversals for different isothermal temperature 
profiles at t = 0. 
Model parameters Table 1, set 1.  

To avoid the time-consuming procedure of calculating the 
transition into the cyclic stationary regime, Bhatia (1991) used 
a perturbation analysis technique. The zero-order solution is 
symmetric, corresponding to  the sliding regime. The first- 
order correction describes the parallel transposition of the 
profile in flow direction during one-half period. Another 
method to  find the periodic stationary solution for the de- 
tailed two-phase model is presented by Gupta and Bhatia 
(1991). The system is transformed into a boundary-value 
problem in time. The advantage of this method is that no 
further simplifications are necessary for the numeric solution. 
Even then the computation of the Jacobian matrix is time- 
consuming, so only a rather small number of grid points is 
used. In addition, the neglection of axial conduction of heat 
in the catalyst phase is in many cases not justified. 

To reduce the computational effort, and for the derivation 
of a simplified model, the equivalence relation between one- 
and two-phase models as proposed by Vortmeycr and Schafer 
(1974) will be applied in the following, see Eq. 9. This trans- 
forms the two energy balances of the two-phase model into 
that of the quasi-homogeneous model. The two terms con- 
tributing to the effective axial heat conductivity are the axial 
heat conductivity of the solid and a term due to heat transfer 
between the gas and the solid. This relation has proved to be 
applicable both for packings and for honeycomb catalysts. In 
contrast, the equivalence relation derived by Chen and Luss 
(1989) is based on the assumption that there is no heat con- 
duction in the solid phase; axial heat conduction due to vor- 
tices in the gas phase is considered instead. 

Model Equations 
For a detailed simulation of the process, a one-dimen- 

sional two-phase model that accounts for axial conduction and 
for heat and mass transfer between gas and packing is used. 
The model consists of the following equations: 

Energy balance of the solid phase (temperature T"):  
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Energy balance of the gas phase (temperature T ) :  

Mass balance of the solid phase (concentration c,*>: 

Mass balance of the gas phase (weight fraction g,): 

These equations are  subject to  the conventional Danckwerts 
boundary conditions (Danckwerts, 1953) given below: 

The equivalence relation between one- and two-phased mod- 
els as proposed by Vortmeyer and Schafer (1974) transforms 
the two energy balances into that of the quasi-homogeneous 
model (the temperature T* denotes the solid-phase tempera- 
ture in case of a two-phase model and the averaged tempera- 
ture in case of a quasi-homogeneous energy balance): 

1 
f a ;  ( - A h r f ) - r i ,  (8) 

t = l  

where the “effective” axial heat conductivity is given by 

Table 1. Model Parameters 

Parameter Set 1 Parameter Set 2 
d, = 1.06 mm d , = 2 m m  

DCtf 0.0001 kg/(m.s) 
A, 0.0446 W/(m.K) 
D 0.41 crn2/s 
( -  A h , )  2,040,236.0 kJ/kmol 
+l/A 
TO 

1.09 kg/(rn2. s) 
50 “C 

Af 60 5 

(1 - E ) . ( @ C p ) $  428.3 kJ/(m’.K) 
CPG 1.1 !d/(kg. K) 
E 0.69 
A, 1.26 W/(m. K) 

68.9 W/(rn2-K) cy 130.05 
P 0.1 151 0.061 m/s 
a, 2,628.8 1,380 0 m2/m’ 

~~ 

The physical properties of the bed refer to ceramic honeycomb catalysts 
with a hydraulic diameter of 1 mm (set 1 )  and 2 mm (set 2). The paramc- 
ters DI and p are determined for fully developed laminar flow in rectan- 
gular channels with Nu = 3.091, Sh = 2.976. The parameters of the gas 
are averages at  p = 1 bar, T = 350°C. 

Unless otherwise specified in the figure captions, the model 
parameters given in Table 1 have been used. In the simpli- 
fied models, specified in the following, both gas-phase bal- 
ances were considered in quasi-steady state, since the ther- 
mal time constant of the catalyst phase exceeds the time con- 
stant of the gas phase by three orders of magnitude. In addi- 
tion, both dispersive terms in the gas-phase equations are ne- 
glected (that is, Agas = Dess = 0) and only the heat conductiv- 
ity A, in the solid phase was retained. The admissibility of 
these simplifications was proved through comparison with the 
full model results. Table 2 provides kinetic parameters. 

Cyclic Steady State and Limiting Cases 
Calculation of the cyclic steady state by integration of the 

model equations over a large number of flow reversals is very 
time-consuming. Figure 2 shows the transient of the maxi- 
mum temperature in the reactor bed over the number of flow 
reversals for different initial temperature profiles. To obtain 
the final state, up to 200 flow reversals have to be computed. 
An integration procedure of high numerical accuracy is nec- 
essary because the steady-state solution is very sensitive to 
numerical errors (Nieken, 1993; Nowak et al., 1995). 

Our key to finding simplified models for reversed flow re- 
actors is based upon the relative invariance of both the shape 
and the maximum of the temperature front to variations of 
the switching period. Figure 3 shows the temperature profiles 
just before flow reversal for different cycle periods. Addition- 
ally, the limiting cases for very short switching periods ( A t  + 

Table 2. Kinetic Parameters 

kmol/m&; s = k “ .  - E P .  T* . c* 
rPr0pa” 

ec P * M ,  
c ,==,*M, ,  e c = y 7  
k” = 6,904.09 m/s 
E = 69,247.13 !d/kmol 

The kinetics are given for the total oxidation of traces of propane in air at 
atmospheric pressure o n  a platinum catalyst (Nieken, 1993). 
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Figure 3. Temperature profiles as a function of the 
switching period. 
(1) A t  = 0 s (countercurrcnt reactor); (2) A t  = 30 s; (3) A t  = 
300 s ;  (4) A t  = 600 s; ( 5 )  A t  = + cc (stationary moving reac- 
tion front). (Length of reactor: 3 m, parameter set 1, Tablc 
1 .) 

0, profile 1) and for very long periods in an infinitely long 
reactor ( A t  + +=, profile 5) are given. For very short switch- 
ing periods, the reverse-flow reactor approachcs the case of a 
countercurrent reactor. We will explain this in detail in the 
next section. Starting from profile 1, an increase of the cycle 
period leads to a shift of the profile, but the temperature 
gradient of the front and the maximum temperature are only 
slightly affected. As can be seen in Figure 3,  the maximum 
temperature is bounded by the limiting cases for infinitely 
long and short cycle periods. 

The relative invariance of thc shape and the maximum of 
the temperature front can only be expected if the properties 
of the fixed bed arc homogeneous and conversion is com- 
pleted when the maximum temperature is reached. This is 
not the case with equilibrium-limited reactions since in this 
case conversion also takes place after the temperature maxi- 
mum (Matros, 1986; Snyder and Subramaniam, 1993). A 
strong dependence of the maximum temperature on the cycle 

(12) 

For an irreversible reaction the following boundary condi- 
tions can be specified: 

Integration of Eqs. 10-12 from 5 = --M to 6 = + m  using the 
preceding conditions, Eqs. 13-17 leads to the well-known re- 
lation between maximum temperature and velocity w of the 
front (Wicke and Vortmeyer, 1959): 

Equations 10-18 can be solved to obtain the temperature and 
conversion profiles for a traveling reaction front. This is dis- 
cussed in Appcndix B. However, it turncd ou t  that a further 
modification leads to an easier solution. 

If wc insert Eqs. 11 and 12 into the energy balance for the 
solid phase, Eq. 10, and integrate along 5 over the whole 
temperature front, we obtain 

dT* 
period can also be observed if the fixed bed is composed of 
portions with different properties. Figure 4 shows steady-state 
profiles in a reactor with inert front and end sections for dif- 
ferent cycle periods. In this case, the maximum temperature 
varies significantly with the switching period. A discussion of 
this phenomenon has already been given in two earlier publi- 
cations (Eigenberger and Nieken, 1988). 

(1 - E )  .( pcp)s.  ./'m=d~* + A, .(I - -io 
T* dr*,d:( d5 1 

m ( - A h r ) - h  0 
- 2 - cpG -/TTm""dT - M, . A  */, dg = 0. (19)  

Integration and elimination of the traveling velocity w using 
Eq. 18 gives 

Stationary Traveling Wave as the Limiting Case for 

We start from the balance equations of the two-phase i d5 M;A (2 - T,,, - To 
Long Switching Periods dT* ( - A h r ) . m - g "  g T,,,,,-T* 

model, Eqs. 1, 2, 3 and 4. First, the fixed axial coordinate z is 
transformed to the moving coordinate 6, with 6 = z - w t ,  

where w is the moving velocity of a stationary moving front 
in an infinitely long fixed bed. After neglection of mass stor- 

---c,,*(T* m - T I .  (20)  
A 

age, axial thermal conduction and axial dispersion of mass in 
the fluid, the model equations for a single reaction are given 
as follows: 

A similar relation can be derived using the quasi-homoge- 
neous energy balance Eq. 8 to yield 
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Influence of the switching period on (a) tem- 
perature profile and (b) reactant weight frac- 
tion profile in a reactor with inert front and end 
sections of 0.4 m each. 
Plotted are the steady-state profiles with a switching period 
of 60 s (l), 90 s, 120 s, 150 s, and 180 s (2 ) .  (Parameter set 2, 
Table 1.) 

Now Eqs. 11, 13, and 20 present a boundary-value problem 
with the unknown Tma, which can be solved easily with the 
provisions given in Appendix B. Its solution gives the gas and 
solid temperature and the concentration profiles of the trav- 
eling reaction front. A further simplification is possible if the 
quasi-homogeneous model consisting of Eq. 12 and Eq. 21 is 
considered. A comparison of the solutions obtained from the 
different approaches discussed in this chapter is given for a 
specific example in Figure 5. 

Approximation of the maximum temperature of the 
traueling wave 

To find an approximation of the maximum temperature we 
follow the procedure proposed by Pinjala et al. (1988). Divi- 
sion of Eq. 12 by Eq. 21 renders 

For a single reaction, where the rate expression can be writ- 
ten as an explicit function of the mass fraction g in the gas 
phase 

Eq. 22 becomes 

With the monotonicity of the temperature profile (dT*/d[  2 
0) and assuming that f ( T * ,  g )  is monotonically increasing 
with g ,  the following inequality can be obtained [see Pinjala 
et al. (1988) and Nieken (1993) for details]: 
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Calculation of the temperature and weight 
fraction in the moving reaction front. 
(1) By discretization of the two-phase model, Eqs. 10-18 in 
space and solving the resulting system of nonlinear equa- 
tions by Newton--Raphson; (2) by solving the two-phase 
model, Eqs. 11, 12, 20, as a boundary value problem in space 
as explained in Appendix B; (3) by using the quasi-homoge- 
neous model described by Eqs. 12, 21. (Profiles are shifted 
for better comparison,) 

Equation 25 gives the general influence of all important pa- 
rameters on T,, in a quasi-explicit form. If the Vortmeyer 
equivalence (Eq. 9) is used for heff, Eq. 25 also includes the 
influence of the axial conduction in the solid and of the heat 
transfer between gas and packing separately. The mass-trans- 
fer resistance between gas and catalyst can be accounted for 
in the effective rate equation, Eq. 23. The only shortcoming 
is that Eq. 25 only gives an upper bound for T,,, that may 
substantially exceed the true value, as we will see later (Fig- 
ure 9). 

The Countercurrent Reactor as the Limiting Case 
for Short Switching Periods 

We have already mentioned that for rapid flow reversal the 
reverse-flow reactor approaches the state of a countercurrent 
reactor. To explain this limiting case the temperature profiles 
in a reversed-flow reactor are given in Figures 6a and 6b. If 
the direction of flow changes sufficiently rapidly, the solid 
temperature will not change-because of its large thermal 
capacity-while the gas temperature switches between the 
two profiles below or above the solid temperature on every 
flow reversal. 

Instead of sending the mass flow m during one period in 
one direction and during the next period in the opposite di- 
rection, the same net result can be obtained by simultane- 
ously sending half of it "2) in each of the two directions 
(Figure 6c) and assuming that each of the two flows interacts 
with only one-half of the available catalyst. This means that 
the reactor and the catalyst are split into two halves with 
opposite flow directions: a countercurrent fixed-bed reactor 
arrangement results with heat exchange over a catalytic wall 
that is ideally permeable for heat but impermeable for mass. 

If the two resulting compartments are given indices 1 and 
2, respectively, the solid temperature profiles are identical, 
T;* = T; = T*,  while the gas temperatures are mirror images 
of each other. Since T * ( z )  is a symmetric profile with zero 
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slope in the center, one can limit the considerations to one- 
half of the reactor. 

The balance equations for the calculation of the steady- 
state behavior of the countercurrent reactor are given below. 
They refer to a countercurrent reactor in Figure 7. 

Energy balance for catalyst: 

The solution of the preceding two-point boundary-value 
problem requires spatial discretization and iterative solution 
of the resulting system of nonlinear equations. 

Quasi-homogeneous model of the countercurrent reactor 
Using an approximation outlined in Appendix A, the three 

energy balances (Eqs. 26-28) can be lumped into a single 
quasi-homogeneous energy balance: 

Energy balances for gas phases 1 and 2: with 

Mass balances for gas phases 1 and 2: 

Mass balances for catalyst surfaces 1 and 2: 

Boundary conditions: 

(37) 

1920 August 1995 

Now the resulting energy balance, Eq. 38, is elliptic, which 
allows the use of shooting methods for the numerical solu- 
tion. Using a different approach, Matros (1989) derived 
equations for the so-called "sliding regime," which are equiv- 
alent to the preceding equations for the countercurrent reac- 
tor. 

Considering only one reaction and neglecting axial disper- 
sion in both gas phases, the mass balances, Eqs. 29-32, can 
again be inserted into the energy balance of the quasi-homo- 
geneous model, Eq. 38. Assuming constant physical proper- 
ties, the energy balance obtained can be integrated once. The 
resulting system then consists of three ordinary differential 
equations: 

The following boundary conditions apply (see Appendix A): 

Since at the middle of the reactor ( z  = L/2) the conditions 
must be identical in both channels 1 and 2, 

Equations 40-46 specify a two-point boundary-value problem 
where either the outlet concentration g" or the length of the 
reactor is unknown. 
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By integrating Eqs. 40-42 with a given outlet concentra- cpG. m/A. L AT,,, ? .-..- 
2 VR he, 

Pe 1/r 

tion, temperature and concentration profiles of the counter- 
current reactor can be calculated directly. We will use this 
technique later to compute all three steady states of the 
countercurrent reactor in the region of steady-state multiplic- 
ity. The method can be extended to also treat multiple reac- 

Y 

e ( T * )  k(T*)*P 
- - Tma,  a;- * dT*.  (51) 

tions. /To + AT,& @ ( T o )  k ( T * )  + p 

Simple approximation of the reactor proJires 
If a first-order reaction is assumed and full conversion is 

reached in the middle of the reactor, the maximum tempera- 
ture can easily be computed directly from the preceding 
model. 

The reaction rate shall be given as 

where B(T*)  includes the Arrhenius dependency of the rate 
constant and allows for the consideration of a mass-transfer 
resistance between the flowing gas and the catalyst surface. 
Dividing Eq. 41 by Eq. 40 leads to 

where g, = 0 for 0 5 z I L/2, if full conversion before the 
middle of the reactor is assumed. Separation of variables and 
integration from z = 0 to z = L/2 gives 

Through evaluation of the integral on the righthand side, the 
maximum temperature can be obtained. Equation 49 for the 
countercurrent reactor is similar to Eq. 25 for the traveling 
wave except for a factor of 2 in the denominator of the left- 
hand side and the inequality sign. Contrary to Eq. 25, only 
well-justified assumptions had to be used for its derivation. 

As an example, the case of a mass-transfer-limited first- 
order reaction is considered in more detail: Assuming r = 
- k ( T * ) . c *  and using c =(pG/M,).g, one obtains from Eq. 
31. 

hence 

Rewriting Eq. 49 by using the residence time, r ,  the adiabatic 
temperature rise ATad, and the Peclet number, Pe, to charac- 
terize the relation of convective to conductive energy trans- 
port gives 

From this equation the influence of all relevant parameters 
on the maximum temperature can be obtained. 

As we have seen from Figure 3 the temperature gradient in 
the reaction front of the reversed-flow reactor can be approx- 
imated by the temperature gradient of the countercurrent re- 
actor at z = 0. The latter can be calculated from Eq. 40 with 
g, = 0, giving 

With the maximum temperature from Eq. 49 or Eq. 51, the 
velocity of the moving thermal front can be approximated by 
Eq. 18: 

Given the length of a switching period, one can then calcu- 
late the front displacement within one period. 

Equations 51 to 53 give a concise description of all relevant 
features of both a reverse-flow or a countercurrent fixed-bed 
reactor. Examples can be found in Eigenberger and Nieken 
(1991), Nieken (19931, and Nieken et al. (1994). Figure 8 
compares temperature profiles constructed from these equa- 
tions with the steady-state temperature profiles for the re- 
verse-flow reactor calculated with the full two-phase model. 
The good agreement proves that the approximate solutions 
can be used as reasonable initial guesses for the calculation 
of the steady state of a reverse-flow reactor. Figure 9 shows 
the differences in maximum temperatures obtained with the 
upper limit estimate of Pinjala et al. (1988), Eq. 25, with the 
quasi-homogeneous model for a traveling wave, Eqs. 12 and 
21, and with the countercurrent reactor model, Eqs. 40-42, 
for the case of a monolith catalyst with differing solid heat 
conductivity A, or channel diameter d, (see Nieken, 1993 for 
details). It can be seen that Eq. 25 overestimates T,,,, but 
predicts the tendency qualitatively correct. 

Multiple Steady States in the Countercurrent 
Reactor 

Autothermal operation is usually carried out in the region 
of multiple steady states where the ignited steady state is the 
desired one. Under reversed-flow operation one single steady 
state will only exist if 

The inlet temperature is low and the heat evolution and 
recovery is too small to sustain the ignited state, or 

The inlet temperature is high enough and/or the reactor 
is long enough for full conversion to occur even if there is no 
flow reversal and heat recovery. 
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a) 

Figure 6. Reactor with simplified temperature profiles 
for rapid flow reversal ((a) and (b)) and a 
countercurrent fixed-bed reactor ((c)). 
Temperature In the 5olid phase (---), temperature in the 
gas phase (- -). 

By dynamic simulation only the stable steady states can be 
computed. The unstable steady state, which separates the ig- 
nited and the extinguished solution, is of interest for the start 
up of the reactor, because only a temperature profile higher 
than the profile of the unstable steady state leads to ignition. 
If two or more components are to be oxidized, up to five 
steady states can be found, three of them being stable and 
separated by two unstable solutions. This subject has been 
addressed elsewhere (Nieken et  al., 1994). 

Here only a single first-order reaction is considered. Using 
the model with quasi-homogeneous energy balance, one can 
compute temperature and concentration profiles by specify- 
ing the length of the reactor and integrating the initial-value 
problem, Eqs. 40-42, from z = 0 to z = L for a given value 
of g '  and improve g' iteratively until the closure condition, 
Eq. 46, is fulfilled. To calculate all possible steady states we 
go the opposite way. First a specific conversion U is chosen 
that determines the outlet concentration g". Then one has to 
find the reactor length that satisfies the symmetry condition, 
Eq. 46. 

0.00 0.42 z/m 0.84 

Figure 8. Solid lines show the temperature profiles con- 
structed from the maximum temperature, Eq. 
51, and the initial slope, Eq. 52, of the coun- 
tercurrent reactor. 
The front displacement from 1 to 2 was calculated using Eq. 
53 and the switching period. The dotted lines show the tem- 
perature profiles calculated with the two-phase model a t  the 
timcs of the flow rcversal. (Paramcters set 1 ,  Table 1 . )  

Figure 10 shows the reactor length z as a function of the 
conversion U. In a sufficiently long reactor only the ignited 
state exists; in a very short reactor only the extinguished state 
exists. In between, three steady states are obtained. The tem- 
perature and concentration profiles of the unstable and the 
ignited solution at a moderate reactor length are shown in 
Figure 11. The extinguished solution near T * ( z )  = To ,  g ( z )  
= g o  is not plotted. 

Figure 12 shows the maximum temperature and the con- 
version as a function of the reactor length. The parameter is 
the feed concentration given as the adiabatic temperature 
rise. In Figure 13 the maximum temperature is plotted over 
the adiabatic temperature rise for a given reactor length. In 
the case of the monolith reactor considered, the conversion 
remains close to  100% as the inlet concentration is lowered 
to the point where extinction occurs, while the maximum 
temperature decreases almost linearly with decreasing feed 
concentration ( A  Ted 1. 

Conclusions 
For most parametric studies only the cyclic steady-state so- 

lution of the reverse-flow reactor is of interest. Its calculation 
by solving the model equations over a large number of cycle 
periods requires a considerable computational effort. If the 
fixed bed has constant physical properties and only irre- 
versible reactions take place, the maximum temperature and 

A E J ~  

A ( l  - E )  

z z + dr  

Figure 7. Countercurrent reactor for the derivation of the balance equations (Eqs. 26-37). 

@ 
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Figure 9. Maximum temperature as a function of solid 
heat conductivity A, and hydraulic channel 
diameter d,, for a monolith fixed bed. 
( 1 )  Calculated with the traveling wavc approximation of Pin- 
jala et al., Eq. 25; (2) calculated with the quasi-hornoge- 
neous model for a traveling wavc, Eqs. 12, 21; (3) with the 
countercurrent reactor model Eqs. 40-42. 

I 0.0- 
0 u -  I 0.0 0.5 " 1.0 

Figure 10. Conversion U in the quasi-homogeneous 
countercurrent reactor as a function of the 
rector length z. 

a b 

Solutions 1 and 3 are stable. (a) General behavior; (b) oxi- 
dation of propane. (Parameter set 1, Table 1). 

TPC 

0- 
0.00 0.25 zh 0.50 

O'lm 0.0 0.00 0.25 dm 0.50 

Figure 11. Steady-state temperature and concentration 
profiles in a countercurrent reactor. 
(1) Upper stable solution; (2) unstable solution. (Parame- 
ters set 1 ,  Table 1). 

the slope of the temperature front is almost invariant to the 
cycle period. Therefore, it is sufficient to calculate the limit- 
ing cases of very long or very short cycle periods. In the latter 
case, the reactor approaches the state of a countercurrent 
reactor; in the first case, a stationary traveling wave is formed. 
By using the integrated form of the quasi-homogeneous en- 
ergy balance, Eq. 21 or 40, both cases can be calculated 
rapidly. 

If, for a single reaction, the kinetics can be split into a 
temperature-dependent term and a term depending linearly 
on the gas concentration, the maximum temperature can be 
calculated from a single equation, Eq. 49 or 51. From this 

0.50 L,,TI 1.00 

Figure 12. Maximum temperature T,,, and conversion 
U for different feed concentrations as a func- 
tion of the reactor length. 

0.00 0.50 ,,,,, 1.01l 0.00 

( 1 )  AT,<, = 10 K; 12) AT,, = 20 K; (3) 4T,, = 30 K; 14) AT,, 
= 50 K: ( 5 )  AT,, = 100 K. (Parameter set 1, Table I). 

a 

0 ) '  
0 50 ATJC loo 

Figure 13. Maximum temperature TmaX and conversion 
U as a function of the feed concentration, 
given as adiabatic temperature rise of the 
feed. 
(Reactor length: L = 0.5 rn, parameter set 1, Table 1.) 

equation the influence of all model parameters on the maxi- 
mum temperature can be determined. If the maximum tem- 
perature is known, the slope and the traveling velocity of the 
reaction front can be obtained directly from Eqs. 52 and 53. 
Maximum temperature, slope, and traveling velocity allow for 
an approximate construction of the steady-state temperature 
profile. 

For the limiting case of the countercurrent reactor the un- 
stable solution between the ignited and the extinguished 
steady state can also be calculated. This is important for 
process control since it is the lowest temperature profile from 
which the reaction can ignite. 
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Notation 

u, = specific surface area, m2/m3 
A = cross-sectional area o f  reactor, m2 
cp = specific heat capacity, kJ/(kg-K) 

E = activation energy, kJ,/kmol 
G, = specific mass-flow rate, kg/(m2.s) 

D,,, = effective mass-dispersion coefficient, kg/(m. s) 

Ah,, = enthalpy of reaction 1 ,  kJ/kmol 
k = rate constant, m/s 
L = length of catalyst bed, m 

M,. = molecular weight of air, kg/kmol 
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Nu = Nusselt number 
p = pressure, Pa 
r =  reaction rate, related to the outer surface of the catalyst, 

kmol,/(m’-s) 
Sh = Shenvood number 

VH = volume of the reactor, m’ 
t=  time, s 

a= heat-transfer coefficient, W/(m2. K) 
p = mass-transfer coefficient, m/s 
e = void fraction 
Q =  density, kg/m3 

Subscripts and Superscript 
i = reaction index ( i  = 1. .  . I )  

L = air 
1 = flow from left to right 
2 = flow from right to left 
0 = feed 
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Appendix A: Quasi-homogeneous Model for the 
Countercurrent Reactor 

If the heat conduction in thc gas phase ( A C ; , a x )  is negligible 
compared to the conduction in thc solid phase (As) ,  the three 
energy balance equations, Eqs. 26-28 can be added to yield 

a%* I 

m dT,  dTl 
A I ” (  dz dz 1 +--C . = O .  ( A l )  

After differentiation and subtraction, Eqs. 27 and 28 give 

From Figure 6c it can be concluded that T* = (Tl  + T,)/2 
is a reasonable approximation for the important part of the 
temperature profile where heat exchange between compart- 
ments 1 and 2 without chemical reaction dominates. Inserted 
into Eq. A2 and combined with Eq. Al,  the energy balance 
of the quasi-homogeneous model, Eq. 38 is obtained: 

It is interesting to note that the resulting effective thermal 
conductivity Aeff is identical to that of the Vortmeyer equiva- 
lence relation, Eq. 9. This relation had been criticized occa- 
sionally because of its apparently empirical nature (Schliinder, 
19751, but it has proved to be a very reliable approximation 
in practice. 
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In the case of one reacting component, the quasi-homoge- 
neous energy balance can be further reduced to Eq. 40, as 
discussed in the section titled "The quasi-homogeneous 
model of the countercurrent reactor." From an overall energy 
balance over the adiabatic countercurrent reactor, it is obvi- 
ous that 

With T 1 r = O  = T* = ( T ,  I z = O  + T, I r,l))/2 and TI I z = o  = T o ,  
the boundary condition, Eq. 43, is obtained. 

Appendix B: Numerical Solution of the Traveling 
Reaction Front Problem 

Our first attempts to use shooting methods for the solution 
of the system of Eqs. 10-18 failed because the related 
initial-value problem is ill-conditioned (Deuflhard, 1989). One 
possible way to solve the boundary-value problem is spatial 
discretization of Eq. 10 to Eq. 18 and the iterative solution of 
the resulting system. If a Newton-Raphson iteration is ap- 
plied, the initial guesses of the temperature profile and of 
the moving velocity have to be quite accurate to obtain con- 
vergence. 

A much easier way turned out to be the following: Eq. 20 
together with Eqs. 11 and 12 represent an initial-value prob- 

lem for g( 51, T*( 0, and T( E 1, which contains the unknown 
variable T,,,. To calculate the temperature and concentra- 
tion profiles, an appropriate starting point 5 = 0 has to be 
chosen. A good choice is a point of the traveling front where 
T;, is a few degrees greater than TO, but smaller than the 
temperature above which any noticeable reaction takes place. 
Therefore, the initial conditions are g I = g , T$ = 7"' + 
6. An additional difficulty is the determination of consistent 
values for the initial temperatures of the gas and solid phases. 
These values can be found in the following way: For a given 
bed temperature T&,, assuming no conversion for 5 < 0, the 
gas temperature Te=, can be calculated analytically by solv- 
ing the two energy balances between - cc < 5 < 0, with Te= - 
= T;"= _ x  = TO. The method presented can also be used for 
more than one reactive component (see Nieken, 1993, for de- 
tails). 

To obtain T,,, one can start with an initial guess and inte- 
grate the three equations along the axial coordinate with any 
method for nonstiff ordinary differential equations. If the ini- 
tial guess for T,,, is too high, the calculated temperature 
profiles will have a relative maximum and drift to --oci for 
large values of 5. In the opposite case the temperature will 
rise to +m. By using, for example, the Regula-Falsi method, 
the iteration procedure will converge rapidly, yielding the 
correct solution profiles for T*( 6 >, T(  5 1, and g( 5). 

The same kind of procedure can be applied for the quasi- 
homogeneous model, Eqs. 12 and 21 as well. 
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